Abstract
Introduction
For a graph F and a real number p, define e p (F ) = x∈V (F ) d (x) p . For example, we have e 1 (F ) = 2e(f ). Define ex p (n, F ) to be the maximal value of e p (G) where G is an F -free graph of order n. This generalizes the usual Turán function ex(n, F ) because ex 1 (n, F ) = 2ex(n, F ).
Caro and Yuster [2] showed that
for any p ≥ 1 and r ≥ 3 if n ≥ n 0 (p, r) is sufficiently large, where T r−1 (n) is the Turán graph. In fact, they made a mistake by claiming that (1) holds for all n. The latter claim is not true: for example, the K 3 -free graph K 1,n−1 has larger e p than the Turán graph T 2 (n) for any n ≥ 4 if p ≥ p 0 (n) is large. However, their proof (without any changes) does establish (1) for all large n.
Caro and Yuster conjectured [2, Conjecture 6.1] that for any p ≥ 1 and any fixed graph F of chromatic number r ≥ 3 we have
which is a generalization of the Erdős-Stone Theorem [4] . Clearly, T r−1 (n) exhibits the lower bound in (2). Here we establish the required upper bound. For this we need the following theorem from Bollobás [1, Theorem 33 of Chapter IV]. Its statement (with a sketch of proof) seems to appear first in print in an expository article by Komlós and Simonovits [5] ; also, it is implicitly proved in Diestel [3, p. 163] .
Theorem 1 For every ǫ > 0 and a graph F , there is a constant n 0 = n 0 (ǫ, F ) with the following property. Let G be a graph of order n ≥ n 0 that does not contain F as a subgraph. Then G contains a set E ′ of less than ǫn 2 edges such that the subgraph H = G − E ′ has no K r , where r = χ(F ).
Proof of (2)
Let δ > 0 be arbitrary and let n be large. Given any F -free graph G of order n, let H be a K r -free subgraph of G obtained by applying Theorem 1 with ǫ = δ/2p. By (1) we have e p (H) ≤ e p (T r−1 (n)). Imagine that G is obtained from H by adding the edges in E ′ one by one. The addition of an edge {x, y} to a graph of order n increases e p by
which is at most 2pn p−1 for sufficiently large n. Hence, e p (G) ≤ e p (H) + 2pn p−1 |E ′ | ≤ e p (T r−1 (n)) + δn p+1 .
As δ is arbitrary, this proves the upper bound in (2).
